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| RITHMETIC is a ſcience ſo ſin- 


gularly uſeful in every branch of 
knowledge, and ſo immediately neceſſary 


to the common affairs of life, that it 


muſt doubtleſs have derived its origin 
from the earlieſt ages of the world. To 
| ſeek for its inventors, therefore, in the an- 
nals of antiquity, would be a fruitleſs and 
unprofitable enquiry. Like other arts and 
ſciences, from a low and inconſiderable 


beginning, it advanced towards perfection 


by flow and almoſt imperceptible grada- 
tion ; whilſt in the ſucceſſion of improve- 
ments, the original: inventors were for- 
; gotten. | 

as thoſe who are recorded to have 
made any conſiderable progreſs in this 


ſcience, the Phœnicians appear to be the 


moſt ancient ; an extenſive commerce with 


other nations, rendering the ſtudy of it to 


them abſolutely neceſſary. But of their 


inventions or improvements no veſtiges 
| | & : can 
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can be traced. To Greece alone, as in 
moſt other literary productions, recourſe 
| muſt be had for the earlieſt writings on 
the art of numbering : amongſt which 
the Arenarius of Archimedes, is one of the 
moſt curious and uſeful now extant; as it 
contains a great improvement of the an- 
cient method of calculation, and the in- 
vention of another entirely new. 8 


| | _ Arithmetic, indeed, before the time of 

| Archimedes, appears to have been in a very 
advanced ſtate. The knowledge received 

from the Phœnicians, Pythagoras 1s ſaid to 
have encreaſed with many ſpeculations; 


| and Euclid, in the 7th, 8th, th, and roth 
Books of his Elements, had given a ſuc- 1 
| .cin& treatiſe of arithmetic, with many of ; 
I the particular properties of numbers. But 1 
*Þ the extent of calculation, known to theſe oo 
i mathematicians, was much too limited for 
| all the purpoſes of ſpeculative ſcience; my- 4 
= [| riads, or tens of thoufands, being the high- 3 
ul eſt numbers for which they had a name. , 
5 And as theſe were ſufficiently great to ex- 1 
5 preſs the quantity of all things neceſſary 
1 2 85 | ED. | 


for 
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for the common purpoſes of life, they 
contented themſelves with inveſtigating the 
nature, properties, and relations of the 
included numbers, without endeavouring 
to extend their calculations farther. Hence, 
myriads being the greateſt number known, 
the term was frequently uſed to ſignify an 
indefinitely great multitude ; and what- 

ever was inexpreſſible by myriads, was 
eſteemed innumerable, and frequently 
termed infinite. As the particles of. ſand 
are more in number than can- be expreſſed 
in myriads, without a confuſed repetition 
of the term, they were by ſome ſuppoſed 
to exceed all poſſible determinate numbers, 
and by others to be infinite. But to ſhow 

the poſſibility of their being exceeded by 
numbers, and to convince mankind of 
the extenſive powers of numeration, Ar-. 
chimedes publiſhed his Arenarius : in 
which he demonſtrated, that not only the 
ſands of the earth, but even a greater 
quantity of particles than could be con- 

tained in the immenſe ſphere of the fixed 
ſtars, might be ſignified by ſome of thoſe 


Bis Math. Coll. Lib. 8. 


ee 1. 


numbers, which he has there invented 
terms to expreſs. 


This is the only work of the ancients, 
now extant, in which ſuch great numbers 
are uſed. The author, indeed, informs 
us, that this method of inventing terms 
to denote the values of numbers which 


exceeded the bounds of the common cal- 


culation by myriads, was delivered in 
his Apa (a), or Principles, a work 
not now extant ; of which, what is given 
in the Arenarius, is only a ſpecimen, 


inſerted, leſt the terms which he would 
be obliged to uſe, ſhould be unintelligible. 


to thoſe who might not have an opportu- 


_. nity of conſulting thoſe Principles. All 
his other arithmetical works being loſt, 


what farther improvements he made in 
that ſcience, cannot now be certainly 
known. But from the Arenarius, and the 
reſt of his mathematical works which are 


extant, arithmetic appears to have been, in 
his time, in nearly as great a ſtate of per- 


? 


(% This work is probably that alluded to by Pappus in 


fection 
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fection as the ancient method of denoting 


the values of numbers would permit. The 


ſuperiority of the common arithmetic of 


the preſent age ariſing, in a great meaſure, 


from the invention of the cypher; for want 


of which the ancients were obliged to make 


uſe of ſuch a great variety of characters 


to denote the different numbers, as were 
burthenſome to the memory, and render- 
ed the ſolutions of queſtions very laborious. 


To this excellent art of numbering by 
cyphers, Archimedes has approached nearer 
than any other of the ancient mathemati- 
cians, and may at leaſt be ſaid to have laid 
the foundation (5) for its invention in the A- 
renarius. But this important diſcovery was 
reſerved for a country, which, after many 
ages of obſcurity, made ſuch proficiency 
in ſcience, as to inſtruct Europe, and con- 
tend even with Greece for ſome of the 
greateſt improvements in mathematics. To 
Arabia we are indebted for the uſe of the 
cypher: a country which claims alſo that 


excellent improvement in Arithmetic, the 


(2) See Note on p. 22 Arenarius. 
A 3 inven- 


Fro 28 E. 
invention of Algebra. But to this her 
claim is not fo indiſputable as the other (5): 


as the treatiſe of Diophantus on this ſub- 


ject is much more ancient than any Arabic 
production now known. Nor is there 
much doubt, but that this br anch of ſcience 


| was in uſe long before his time. He treats 


it as a ſcience already known, and which he 
intended rather to methodize and arrange 
in order, than to teach its firſt rudiments ; 


and as ſeveral veſtiges of it are diſcoverable 


in much earlier writers, the invention of 
Algebra muſt have been of much greater 
antiquity. The diſcovery of the analytic 


| part, is, indeed, by Theo, aſcribed to Plato, 


1 


who defines it to be (c) © Aſſumptio quæ- 
ſiti tanquam conceſſi per conſequentia ad 
verum conceſſum: The taking that as 
granted, which is the quantity ſought, and 


by the conſequences thence ariſing, ob- 


taining the true anſwer.” Something ſi- 


milar to this is the method uſed by Archi- 


medes in the demonſtration of a propoſi- 


(3) See Dr. Wallis's Hiſt. Alg. andVoſſus De Seien Math. 
(e) See Vieta's Iſagoge in Artem Analyticam, pag. 1 
alſo Diogenes L Life of n 


| Son 
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tion in the following work. He aſſumes 
a quantity as known, and by going back, 
from the conditions of the propoſition, 
he proves, that the value of that aſſumed 


quantity is equal to a particular known 


determinate one. From this and ſeveral 


paſſages in other parts of his works, it 


evidently appears, that he made uſe of ſome 


kind of Algebra in the invention and de- 


monſtration of many of his propoſitions. 
And it ſeems very probable, that ſome ſuch 
method was made uſe of by earlier mathe- 
maticians in the inveſtigation of their more 
abſtruſe and difficult problems: ſince it is 


hardly conceivable, that the demonſtrations 


given by the ancient writers in geometry, 


were firſt diſcovered in the ſame elegant 


manner in which they were left to poſte- 


| rity. But by whatever method theſe diſ- _ 


coveries were made, every neceſſary in- 
ſtruction is given to make their demonſtra- 
tions clearly intelligible, without its being 
known. As they are drawn from ſimple, 
undeniable principles, attention only is 


neceſſary to make them underſtood ; and 
when underſtood, they indubitably evince 


As their 


2990 


vu 


een. 
their truth. The geometrical method of 
demonſtration being more elegant and per- 
ſpicuous than any other, was held in the 
higheſt eſteem by the ancients : they re- 


garded it as the moſt excellent of ſciences, 


without which, no one could be per- 
fectly maſter of any kind of learning.” 


Equal to their ideas of its importance, 
was their aſſiduity in cultivating and im- 


proving it; and as in all other branches 


of ſcience in which they particularly ” 


exerciſed their genius, ſo allo in geo- 


metry their works have ever been eſteem- 


ed the ſtandard of taſte and elegance. 


ut, as every thing in the extreme loſes of 


its excellence, ſo the veneration of thoſe 
ancients for geometry being carried too 
far, diminiſhed the value of their improve- 
ments: for its ſake alone, and the ſatis- 
faction which abſtract reaſoning affords to 
the mind, its application to arts equally 
uſeful and neceſſary in the affairs of life, 


was neglected and deſpiſed. To apply 
mathematical knowledge to mechanical i in- 


ventions and experiments, was regarded as 


deroga- 
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derogatory to the ſcience, and unworthy 
a geometrician. Archytas (d), who firſt 
applied geometry to mechanics, met with 
the reprehenſion of Plato, who eſteemed 


the mathematical ſciences of too ſublime a 
nature to be made common. This opi- 
nion in general prevailed; and mechani- 


cal and experimental knowledge was al- 
moſt univerſally neglected. Archimedes 


appears to have been one of the firſt, who 
after the time of Archytas and Eudoxus, 


applied the ſciences of geometry and me- 


chanics to their mutual illuſtration, and 1s 


equally celebrated for his inventions in the 
one, as for his extenſive knowledge in the 


other. But he, according to Plutarch, was 


ſo far influenced by the then prevalent opi- 
nion of Plato, that he would not commit 


to writing any account of his mechanical 
inventions (e) (though this indeed may be 
accounted for from other reaſons.) Mecha- 
nical experiments being thus neglected and 


deſpiſed, no other method of accounting 


for the various operations of nature re- 


(% See Diogenes Laertiu s, and Ramus in Math. Schol. Lib. 1. 


(e) Plutarch's Life of Marcellus. 


mained, 
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.  mained, but that of framing hypotheſes ; 


which, depending only upon reaſoning 


drawn from probability, were defended by 
the followers of one ſect, and rejected and 
confuted by thoſe of another. Amongſt 


the variety of hypotheſes which were 


framed on different parts of philoſophy, 
chance or reaſon directed ſome to the right 
ſyſtem of things. Of theſe was Ariſtar- 
chus the Samian, who rejecting the vul- 
garly received opinion of the motion of 
the heavenly bodies, propoſed the true ſyſ- 
tem of the world. Of this philoſopher's 
works, none, except a ſmall treatiſe on the 


relative magnitudes of the ſun, moon and 


earth, are now known : and the only ac- 


count we have of this ſyſtem is in the Are 


narius; which is there too conciſe, to give 


any idea by what reaſoning he refuted the 
vulgar opinion, and eſtabliſhed his own. 


The age in which he flouriſhed (/) is not 
per fectly known: and hence have ariſen 
many diſputes, whether he was the original 


inventor of this ſyſtem, or followed ſome 
| other. 


(F) 3 e * to have lived about the 8gth 


. olympiad, a little after the birth of Plato. Math, Chron. 
; | page 
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| hk Archimedes ſpeaks of him as ex- 
preſly the chief who rejected the vulgar 


opinion (g) 3 Tavre y%o ev Tai YpRPopuevers 


aps 1 Ago ſov di Apicapyoc 0 
LE @puu0g uTobeT1Gv EZe0wKev Vpocl Uceg. And Sex- 


tus Empiricus () ſeems of the ſame opi- 
nion. The propagation of this ſyſtem in 


Greece is, however, generally aſcribed to 
Pythagoras. But as the time of Ariſtarchus 


is uncertain, and as the authorities which 


attribute this ſyſtem to Pythagoras, (or the 
more ancient Egyptians from whom he is 
ſaid to have received it,) are not ſo indiſ- 
pautable, but that (i) writers of the firſt 

eminence have refuſed their aſſent to them; 


there appears at leaſt an equal reaſon for 


page 46 and 49.— Plutarch alſo ſpeaks of him as following 
Plato. Queſt. Plat. Phil. p. 1006.—Simler places Ariſtar- 
chus about the 79th olympiad. — Vitruvius, ſpeaking of 
mathematicians who had made diſcoveries, mentions him 
before Archytas.—And Libertus Fromondus e that 
he might have preceded even Pythagoras. 

(2) Arenarius, page 2. | | | 
(5) Adverſus Mathematicos, page 410. They who 


<6 taking away all motion from the world, teach the 
„ motion of the _— as the followers of Ariſtarchus the 


© mathematician.? | \ 


(;) See Dr. Horley Notes on Sir Iſaac Newton's Prin- 


cipia. 5 
terming 
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terming it the Ariftarchian (+), as the Py- 
thagorean ſyſtem. But whoever was the 
real inventor, Ariſtarchus appears to have 


_ entertained the moſt juſt ideas of its vaſt 


extent : what the obſervations of Dr. Brad- 
ley evince, he has ſuppoſed ; - viz. that the 
annual orbit of the earth, compared with | 
the diſtance of the fixed ſtars, is but as a 
5 (D. 


The reception which Ariſtar chus's ſyſ⸗ 
tem met with amongſt the Greeks, is 
equally uncertain with the time of his 
publiſhing it. It ſeems probable, how- 
ever, that the apparent motions of the 
heavenly bodies had greater influence over 
their minds than his reaſonings; as the 


vulgar opinion of the immobility of the 


earth in general prevailed; this ſ, ſtem be- 
ing totally diſregarded for ages, till the time 


of Copernicus : by. whoſe demonſtrations, 


and thoſe of Sir Iſaac Newton, its truth is 


at length ſo fully eſtabliſhed, that none, 


® Libertus Fromondus terms it the Ariſtarchian Syſtem. 
See Ant. Ariſtarchus. 


(50) Arenarius, page 2 and note. 


but 
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but thoſe who cannot comprehend their 

works, will ever deny its being THE ONLY 
TRUE SYSTEM OF THE WORLD. Whe- 

ther Archimedes adopted this opinion or 
not, cannot be certainly determined; in 
the following work he ſpeaks neither 
againſt it, nor in ſupport of it: And 


but little mention is made of aſtronomy 


in any other of his works which are now 


extant. 


The Arenarius bein g a work leſs geome- 
trical than the reſt of Archimedes' writings, 


ſeems to have been wholly neglected by the 


old commentators : hence it retains more 
of the Doric dialect, in which the author 


wrote, than thoſe which they have tran- 


ſcribed and corrected ; but in ſo mutilated 


a ſtate thro' the inaccuracy and Ignorance 


of tranſcribers, that it is often difficult even 
to obtain the real ſignification. This 
has engaged ſeveral modern mathema- 
ticians to correct the text, and explain 
its obſcurities: and if the following tranſ- 
lation ſhall be deemed a farther elucida- 
tion, it is owing to their united helps, and 


the 
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__ ac, 
the comparing of the different editions. Of 
theſe the moſt ancient is one printed by 
Hervagius (n) at the Baſilean preſs, A. D. 
1544, as it ſeems, under the direction of 
Thomas Gechauff, from ſome inaccurate 
and, in many places, obliterated manu- 
_ ſcript, without any corrections being of- 
fered. But mutilated as it is, the ſenſe may 
in moſt caſes be obtained; and as it pre- 
ſerves the genuine reading of ſome ancient 
MS. it is a valuable edition. The next 
is one publiſhed by Rivaltus, A. D. 1615, 
from the Pariſian preſs. This editor has 
attempted to correct the text; but his al- 
terations are rather the reſult of his o] n 
conjectures, than of any collation of diffe- 
rent copies, and are not always happily in- 
troduced. Dr. Wallis alſo publiſhed an 
edition of this work, in which he has cor- 
rected the text according to the Doric dia- 
lect, and given the different readings of pre- 
ceding editors; which makes his much ſu- 
perior to any other. There is alſo an ano- 
nymous edition, without any title, date, or 
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(n) In the Bodleian Library at Oxford is this edition, 
with manuſcript corrections by Dr. Bernard. 


place 


r 
place of printing, which differs in many 
places eſſentially from all the others, ſome 


of which are mentioned in the notes. This 
is a ſmall folio, containing the Arenarms, 


and a () Theorem from Ptolemy's Alma- 


geſt prefixed ; which 1s there ſaid to have 


been uſed by Archimedes in the Arenarius. 


The Greek of this edition ſeems in general 


very correct; and the character is modern 
and elegant. 


Of the Latin tranſlations (o) Hervagius's, 
which is publiſhed together with his Greek 
edition, appears to be the moſt ancient: 


but from the mutilations of the MS. he ; 


(=) The following is the Theorem alluded to. If two 
*« unequal right lines be drawn in a circle; the part of the 
«« circumference cut off by the greater, ſhall bear to the 
part cut off by the leſs, a greater ratio than the greater 


of the two lines themſelves bears to the leſs. The only 


part of the Arenarius where this could be of any ſervice, is 
in the demonſtration of the propoſition, page 14, which the 
author has not given, and which is demonſtrated without jit 


in the notes. But Commandine and Barrow in their de- 


monſtrations, have referred to this Theorem. 
(e) This ſeems to have been written long before the pub- 


lication of the Greek text, and is mentioned in Gechauff's 
preface as the work of Jacobus Cremonenſis. The above- 


mentioned anonymous edition of the Arenarius, ſeems to 
hare been altered on purpoſe to agree with this tranflation. 


uſed, 
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uſed, the tranſlator has, not infrequently, 
differed from the real meaning of the au- 
thor. Another is by Paſchaſius Hamellius; 
printed at Paris with a large commentary, 
A. D. 4557, which is very different from the 
former, and is only excelled in correctneſs 
by Dr. Wallis s. Commandine has alſogiven 
a tranſlation, with notes, of this treatiſe, but 
thro' the inaccuracy of his copy (of which 
he much complains) he is often erroneous. 
Together with his Greek edition, Rivaltus 
publiſhed the Latin with notes : but as his 


. corrections of the Greek text cannot in all 


places be defended, ſo neither can his tranſ- 
lations. Beſides theſe there are ſeveral others 


to be met with ; but they ſeem to be rather 
copies of ſome of the above, than any ori- 
ginal attempts to elucidate the author, ex- 


cept Dr. Wallis's and Dr. Barrow's; the 
former of which is accommodated to his 
own corrected Greek edition; the latter 
may more properly be called an abridge- 


ment than a tranſlation of the Arenarius. 


| Wadham College, G. AN DE RSO N. 
Oxford, 1784. 8 1 
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INH E particles of ſand contained in 
| Syracuſe, the reſt of Sicily, and all 
other parts of the earth, are by the gene- 
rality of mankind eſteemed innumerable; 


ſome affirming that they are abſolutely 


ARENARIUS o ARCHIMEDES; 


See Note. 


See Note. 


infinite, and others, that they exceed the 
ſum of any known determinate num 


bers. If, therefore, a maſs of ſand equal 


to the magnitude of this terraqueous globe, 


its ſeas and cavities being filled to the al- 
titude of the higheſt mountains, were pro- 


Poſed, the maintainers. of the above opi- 


nions would eyidently be much more in- 


> 
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See Note. clined to affirm the impoſſibility of obtains 
ing numbers to expreſs the multitude of 
particles contained in ſuch a maſs. But 
I ſhall endeavour to prove by geometrical 
demonſtrations, of whoſe truth you ſhall 
be convinced, that ſome of thoſe num- 

bers which I have invented terms to ex- 
preſs in my writings to Zeuxippus, not 
only exceed the multitude of ſands which 

- would compoſe the maſs above-mentioned, 
but would even expreſs more particles 

see Note. than the whole world itſelf could con- 

tain. And the term woRLD, as it is de- 
fined by moſt aſtronomers, is here deſign- 
ed to ſignify a ſphere of the heavens, whoſe 

1118 center coincides with the center of -the 

| 1 cearth, and whoſe ſemidiameter is the diſ- 
| 


| tance from the center of the earth to the 
center of the ſun. This definition of the 
term WORLD, as given in the writings of 
other aſtronomers, Ariſtarchus, the Sa- 
1 mian, has refuted, and given it a far more 
| ö =p See Pre- extenſive ſignification: For, according to 
| 


eee —— — 


5 — his hypotheles, neither the Fred ſtars nor 
| the ſun are ſubject to any motion; but 

the earth annually revolves round the 
5 ſun 
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ſun in the circumference of a circle, in 


the center of which the ſun remains fix- 


whoſe center he ſuppoſes to coincide with 


the ſun's, is of ſuch immenſe magnitude, 


that the circle, in whoſe periphery the 


ed; and the ſphere of the fixed ſtars, 


earth is ſuppoſed to revolve round the ſun, 
bears no greater proportion to the diſtance 


of the fixed ſtars, than the center of a 
ſphere does to its ſuperficies. This is, how- 
ever, evidently abſurd ; for, ſince the center 
of a ſphere poſſeſſes no magnitude, it can 
bear no proportion to the ſuperficies : 


Taking therefore the earth as the center 
of the world, let Ariſtarchus be fuppoſed 


to ſignify by this hypothefis, That the 
t earth bears the ſame proportion to the 


* ſphere of the world, (according to the 


* common definition of the term) as the 


See Note. 1 = 


te ſphere, in a great circle of which he 


e ſuppoſes the earth to revolve, bears to 
the ſphere of the fixed ſtars.” For the 
demonſtrations of the phænomena of the 


: See Note. 


heavens, which he has given, ſeem parti- | 
cularly to agree with this hypotheſis; and 


from what has been ſaid it is evident, that 


- B a „ 


See Pre- 
face. 


See Note. 


See Note. 
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the ſphere in which he ſuppoſes the earth 


to revolve, is the ſame with that which is 


commonly termed the World. 


| Now, if a maſs of ſand, as} to the 
magnitude aſſigned by Ariſtarchus to the 
ſphere of the fixed ſtars, were propoſed, I 
affirm that ſome of the numbers, to ex- 
preſs the values of which terms are invent- 
ed in my Principles, would even exceed 


the number of * which ſuch a maſs. 
could contain. 


| In order to demonſtrate which, I ſhall. 
premiſe the following propoſitions: , 


" Prop. I. The 2 of Sh 
is not greater than three hundred ned 
(three millions) of Kals. 


For ſince hn bots attempted to give 


demonſtrations, of the truth of which you 


ſeem convinced, that its cir cumference 


is. nearly three hundied thouſand ſtadia, 


by making it ten times as great, I ſhall | 


certainly excced the true circumference; 


and 


4 
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and therefore ſhall make uſe of thin 


millions as its circumference, but not 


more. 


Pxop. II. The diameter of the earth is 
greater than the diameter of the moon ; 
and the diameter of the fun greater _ 
the diameter of the earth. 


For moſt of our ancient t aſtronomers are 
of this opinion. | 


. Thur, II. The ſun's diameter is not 
greater than thirty times the moon's. 


For, amongſt the ancient aſtronomers, 
Eudoxus has ſhown it to be about nine 
times; Phidias, the ſon of Acupater, a- 
bout twelve; and Ariſtarehus has attempt- 
ed to demonſtrate, that the ſun's diameter 


is greater than eighteen, but leſs than 


twenty times the moon's; therefore, by 
ſuppoſing it about thirty times, I ſhall 
exceed all others, and conſequently render 


See Note. 


my demonſtrations incontrovertible; for 


n 3 throughout this work, I 


3 1 
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| ſhall eſtimate the ſun's diameter at thirty 
" + * times the moon's, but not greater. 


Prop. IV. The diameter of the ſun ex- 
ceeds the fide of a chiliagon (or thouſand- 
ſided figure) inſcribed in a great circle 4 
the ſphere of the world. 


This I A becauſe Ariſtarchus has 
affirmed, that the ſun appears to occupy 
See Note. about the ſeven hundred and twentieth 


part of a great circle of the zodiac, | 

| E { 
See Note. Conſidering in what manner to deter- 

mine this, I endeavoured, with an inſtru- | 

ment, to obſerve the angle ſubtended by _ | 

the ſun's diameter, to the eye of an ob- 1 

ſerver on the earth: To take which ex- 

- ally is no eaſy matter, as neither our eyes, MM 

hands, or the inſtruments which muſt be ä 

uſed, are ſufficiently free from error, to 1 

make obſervations with accuracy. But 5 

complaints of this kind, are ſo 1 f 

_ auently to be met with elſewhere, as ren- 1 

dea it quite unneceſfary for me to dwell | 

7 on them in this place. Since, for the 7 
: | demon- 
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demonſtration of this propoſition, it 18 
ſufficient for me to take an angle near to 


that ſubtended by the ſun's diameter, and 
which is certainly not leſs; and alſo ano- 
ther angle near the fame, and which is 
certainly not greater than the angle ſub- 


tended by the ſun's diameter to an obſer- 
ver on the earth; which may be obtained 


in 1 Ar 3 manner: 


on a perpendicular fulcrum, erected in 


a place where the riſing of the ſun may be 


obſerved, let a long rod he placed, and 


upon this rod, in a perpendicular ſitua- 
tion, a ſmall cylinder, made perfectly cir- 
cular. Then immediately after the ſun is 
_ riſen, juſt as it becomes wholly viſible in 


the horizon, let one end of the rod be 
directed towards it, and the eye applied to 


See Note. 


the oppoſite end, with the cylinder ſo near 


it, as to prevent any part of the ſun's body 


from being ſeen; the cylinder muſt then | 


be removed from the eye till a ſmall part 


of the ſun's body becomes vifible on each 
| fide of it, and there fixed. Now if the 


| + 7.406 part of the eye were of no ſen- 


B4 Dn. ſible 
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| ible magnitude, the rays emerging from 
the body of the ſun on each fide of the 1 
cylinder would converge to a point on. 5 
their entering the eye; and therefore, if a 
right lines were drawn from the extremity l 
of the rod, where the eye was placed, to. 
touch both ſides of the cylinder, in thoſe : 
parts where the ſun's body juſt became vi- 
ſible, the angle contained by thoſe lines | 
would be nearly equal to that ſfubtended 
by the ſun's diameter, but ſomething leſs, 
1 

5 


becauſe ſome part of the ſun's body was 
obſerved on each fide of the cylinder. But 
Boe Note. the pupil of the eye, through which the ” 
| rays of light enter, being of a ſenſible. 
magnitude, it is neceſſary, before an angle 
ſomething leſs than that ſubtended by the | 
ſun's diameter can be taken with any de- | 
gree of exactneſs, to determine what this | 
magnitude 18. In order to which, let two 1 
| ſmall cylindrical bodies, of equal diame- | 
ters, be taken, the one white, the other. 4 
not, and placed in a right line before the | | 
eye, the white one at. ſome diſtance, and 
the other as near as poſſible, ſo as to touch | 
the face. Now x thoſe e bodies | 
» 
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be taken leſs than the pupil of the eye, 
ſome part of the pupil will not be covered 
by that which is neareſt it, and the white 
one will be ſeen on each fide of the other; in 
part only if their diameters be but little lefs 
than the diameter of the pupil; bat if they 
are much leſs, that next the face will be 
entirely abſorbed by the rays of light which 


fall on the eye, and the whole of the white 


one will become viſible. Having there- 
fore, by repeated trials, obtained thoſe cy- 
lindrical bodies of ſuch a magnitude as 
that the one ſhall exactly cover the other by 
its ſhadow, and not more; their diameters, 
as is evident, will nearly determine the 
diameter of the perceptive part of the 
eye; however, they cannot. poſlibly be 
leſs. Therefore if a circular body of this 


magnitude, ſo determined, be placed at the | 


end of the rod, in the place where the 
eye was fixed during the time of ma- 
ing the obſervation, and right lines be 
drawn touching the ſides both of the cy- 
Under and this circular body, they will 
converge to a point at a ſmall diftance be- 
yond the extremity of the rod, and there 
RI form 
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form an angle, evidently ſomething leſs 
than that ſubtended by the ſun's diameter. 


To take an angle near to that ſubtended 
by the ſun's diameter, and which is cer- 
tainly not leſs, let the cylinder be moved 
to ſuch a diſtance from the eye, as juſt to 
cover the whole body of the ſun and pre- 
vent its being ſeen; and then lines drawn 
from the place of the eye, to touch each 
ſide of the cylinder, will evidently con- 
tain an angle ſomething greater than what 
the ſun's diameter ſubtends to an obſerver: 


an — earth. 


Having determined thoſe e, in hb 
above manner, and reduced them to parts 
of a right angle, the greater will be found 

to be leſs than the hundred and ſixty- 
fourth part of a right angle, and the leſs 

greater than the two hundredth part of a 

right angle; conſequently the ſun's dia- 
meter ſubtends an angle leſs than the hun- 
dred and ſirty- fourth, and greater than 

Thi two eee ul of a eee, _ | 


Which | 
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; Which being premiſed, it will be 55 to 


demonſtrate, That the ſun's diameter ſub- 
tends a greater arc of a great circle of the 


ſphere of the World, than the fide of a 


Chiliagon inſcribed i in the ſame: For ſup- 


poſe a plane to paſs through the center of 
the earth and the obſerver's eye (the ſun 
being ſuppoſed, as before, juſt riſen above 
the horizon) which produced ſhall cut the 
ſphere of the World in the circle A B G, 

the earth in the circle D E Z, and the ſun 


ni the circle SH: Let F repreſent the 


center of the earth, K of the ſun, and D 
the place of the obſerver on the earth : 
From D let the right lines DL and D X 


It 


be drawn, touching the circle S H in the 


points N and T; and from F, F M and 
F O touching the ſame circle in the points 


Rand P, and cutting the circle A B G in 


the points A, B; and let D K and F K be 


joined. Then the ſun being ſuppoſed 


above the horizon, D K is conſequently 


leſs than F K, and therefore the angle 


XD L, contained by the tangent lines 
D Land D X, is greater than the angle 


and 


I 


OFM contained by the tangent lines FO 
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and F M. But X DL is the angle ſub- 


: tended by the ſun's diameter to an obſerver 


Fig. I. 


on the earth, and is therefore. greater 
than the two hundredth part of a right 


angle, and leſs than the hundred and ſixty- 
fourth, as is manifeſt, from what has been 


faid above. The angle O F M, being 


therefore leſs than X D L, is leſs than the 


hundred and fixty-fourth part of a right 


angle, and conſequently the right line A B. 


ſubtending this angle, cuts off a ſegment 


of the circle A K B leſs than the hundred 


and fixty-fourth part of a quadrant, or 


(which is the ſame thing) leſs than the 


ſix hundred and fifty-ſixth part of the 


whole circumference. Now (as I have de- 


 monſfrated in another work) the cireum- 


ference of every circle being to its diameter 
in a leſs ratio than twenty-two to ſeven, 
therefore, the perimeter of every inſcribed 
polygon (being leſs than the circumference 


of the cirele) muſt be to the ſemidiameter 


in a leſs ratio than forty-four to ſeven. 


The perimeter of the polygon therefore, 
of which A B is one fide, bears a leſs ratio 


5 10 FK row — than forty- 


four 
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| four to ſeven: and A B (ſubtending leſs 
than the ſix hundred and fifty- ſixth part 


of the whole circumference) is therefore to 


* 


F K in a leſs ratio than eleven to one thou-- 


ſand one hundred and forty-eight, and con- 


ſequently is leſs than the hundredth part of 


F K. But AB is equal to the diameter of 
the circle 8 H: For let R K be joined, 


then becauſe F A touches the circle 8 H in 


R, RK is perpendidular to F A; and be- 


Ne 


cauſe F K biſects A B at right angles in C 


and 1s equal to F A, (being both radii of 


the ſame circle) therefore the triangles 


F K R and F A C are both right-angled, 
and have the angle AF K common, and the 
ſides F K and F A equal, and conſequently 
the two ſides C A and K R muſt al ſo beequal: 
But K R is the ſemidiameter of the circle 

8 H; CA is therefore equal to its ſemi- 
diameter, and conſequently AB, the double 
of CA, is equal to the diameter: Hence the 


diameter of the circle S H is leſs than the 
hundredth part of FK; and fince the cir- 


cle SH is greater than the circle DE Z, 


the diameter E U of the circle DE Z muſt 
be much leſs than the hundredth part of 
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FK. Therefore FU and KS, the ſemidia- 
meters of thoſe circles, taken together, are 
leſs than the hundredth part of F K: and 
conſequently by taking them both from FK, 

we have the ratio of FK to US leſs than 
that of one hundred to ninety-nine. And 


becauſe FP is leſs than F K (F K ſubtend- 


ing the right angle at P) and 8 U than 
D T (becauſe the ſhorteſt diſtance between 
two circles is in the right line joining their 
centers) the ratio of FP to DT muſt 


therefore be leſs than one hundred to 


See Note. 


ninety-nine. Now the triangles FKP 
and DK T being rectangular, and the 


ſides KP and K T equal to each other, 


and FP and DT unequal, therefore the 
greater angle K DT, contained by the 
fides KD and DT, is to the leſs angle 


KFP, contained by the ſides FP and 


F K, in a greater ratio than F K to DK, 


but in a leſs than FP to DT. —For, if 
two right-angled triangles have one of the 


ſides about the right- angle equal in both, 


and the other ſides unequal; the angle 


contained by the hypothenuſe and unequal ” 
ſide of the leſs —_ bears to the angle 


„ . contained 
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contained by the hypothenuſe and unequal 

| fide of the greater, a greater ratio than the 
hypothenuſe of the greater does to the hy- 
pothenuſe of the leſs ; but a leſs ratio than 
the unequal fide of the greater about the 
right angle bears to the unequal fide a- 
bout the right angle of the leſs. —There- 
fore the angle TDN (the double of KDT) 


is to the angle PF R (the double of 


EK F P) in a leſs ratio than FP to DT: 
that is, (from what was proved above) in 
a leſs ratio than one hundred to ninety- 


nine. But T DN or XD is the angle 


ſubtended by the ſun's diameter, and is 
therefore greater than the two hundredth 


part of a right angle; conſequently PF R, 
being greater than ninety- nine hundredth 


parts of the angle T D N, muſt be greater 


than ninety- nine twenty thouſandth parts 


hundred and third part of a right angle, or 


one eight hundred and twelfth part of four 
right angles, or of a complete circle. 
Therefore B A, which ſubtends this angle 


PF R, muſt be greater than the ſubtenſe 


of the eight hundred and twelfth part of 
| | the 


us 


of a right angle, which is nearly one two _ 


Fig. I. 
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the circumference of a cirele, or (which is | 
the ſame thing) greater than one fide of a 
polygon of eight hundred and twelve ſides. 


inſcribed in a circle. Hence therefore it 
evidently follows, that the ſun's diameter, 
repreſented by A B, is much greater than 
the fide of a Chiliagon, or thouſand-fided 


figure, inſcribed in a great 88 of che 
ſphere of the world, t 


Prop. V. The diameter of the ſphere 
of the world is leſs than ten thouſand 


times the diameter of the earth, or leſs 
than ten thouſand millions of ſtadia. 


For ſince the ſun's diameter is eſtimated 


dt leſs than thirty times the moon's, and 
the moon's diameter is leſs than theearth's; 
therefore the ſun's diameter muſt evidently 
be eſtimated at leſs than thirty times the 
earth's : And again, becauſe the ſun's dia- 


meter is greater than the fide of a Chilia- 
gon inſcribed in a great circle of the ſphere 


of the world, the perimeter of ſuch a Chi- 


liagon muſt conſequently be leſs than a 


thouſand times the ſun's diameter, or (as 
the. 
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the ſun's diameter is eſtimated at leſs than 


thirty times the earth's) leſs than thirty 


thouſand diameters of the earth. Hence 
(the diameter of every circle being leſs than 


a third part of the perimeter of every poly- 


gon of more than ſix ſides inſcribed in it) 
it follows, that the diameter of the ſphere 
of the world 1s leſs than ten thouſand dia- 
meters of the earth ; and fince the circum- 
ference of the earth was eſtimated to be 
not greater than three hundred myriads 


(three millions) of ſtadia, its diameter 


muſt therefore be leſs than one hundred 


myriads (a million,) and conſequently the 
diameter of the ſphere of the world being 
leſs than ten thouſand times this, muſt be 
leſs than an hundred myriads of myriads, 
or ten thouſand millions of ſtadia. 


Having premiſed thus much concerning 
magnitudes and diſtances, I ſhould now 
proceed in my principal deſign of demon- 
ſtrating the poſſibility of expreſſing by 


See Note. 


numbers a multitude greater than the par- 


ticles of ſand: But leſt the terms I ſhall 


make uſe of ſhould be unintelligible to 
S | thoſe 
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thoſe who have not had an opportunity of 
_ conſulting my writings to Zeuxippus, it 


will not perhaps be thought improper to 


premiſe, firſt, ſomething concerning the 
method of inventing terms to expreſs the 


values of numbers greater than the com- 
mon method of calculation affords; which 
may be done in the following manner: 


Tradition has delivered to us terms 
which expreſs the values of numbers as 
great as a myriad, (10, ooo) and, by pro- 
ceeding in the ſame manner as before we 


arrived at a myriad, we eaſily calculate to 


myriads of myriads ( 100,000,000): And, to 


continue our calculation farther, let all the 
numbers included by myriads of myriads 


be termed the firſt degree of myriads; and 


let the myriads of myriads of the firſt de- 


gree be termed the units of the ſecond de- 


gree of myriads; and let the units of this 


ſecond degree of myriads be calculated by 


tens, hundreds, thouſands and myriads, 


to myriads of myriads, which let agaiti be 
termed units of the third degree of my- 


| riads; and having in like manner calcu- 
FT | 2” | lated 
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lated the units of the third degree, to my- 


riads of myriads, let theſe be alſo termed | 


units of the fourth degree of myriads ; 
and, proceeding in the ſame manner, we 
calculate to the fifth, fixth, ſeventh, &c: 
degrees of myriads ; and by this method 
terms may be obtained to expreſs the values 
of numbers as great as myriads of myriads 
of the myriomyreſimal degree of myriads: 
Which terms comprehend a multitude ſuf . 
ficiently great for our preſent purpoſe. 


This method of inventing terms, may; 
however, be extended to a much greater 
degree. For let the numbers, to expreſs 
which terms have been invented above, be 


called the firſt period, and the laſt num- 
ber of the firſt period, the units of the 


firſt degree of myriads of the ſecond pe- 
riod, and, again, let myriads of myriads of 


the firſt degree of the ſecond period, be 


termed the units of the ſecond period of 
the ſecond degree of myriads ; in like man- 


ner let the laſt of this denomination be 


termed the units of the ſecond period of 
the third degree of myriads, &c. By pro- 
| 11 © ane 
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ceeding in this manner, we can eaſily ac- 
quire terms to expreſs the values of num- 
bers as great as myriads of myriads of the 
myriomyreſimal degree of myriads of the 
ſeeond period: Which may, to extend our 
calculation farther, be termed the units of MF 
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ſi the third period of the firſt degree of my- | 
i riads. And hence, by proceeding in this —] 
j manner with the periods, terms are ob- 
0 tained to expreſs the values of numbers to |} 
5 myriads of myriads of the myriomyreſimal = 
See Note. period of the myriomyreſimal degree of 12 | 

6 riads. 1 
| Terms being by this method an 0 
to expreſs the values of numbers however t 

great, an eafy method of determining to 7 

what particular denomination any expreſ- : 

ſion belongs, may be drawn from conſider- 3 

ing the relation between the denomination E 

of numbers and the terms of a ſeries of f 

continued proportionals. For ſuppoſing n 

a ſeries of numbers continually propor- 10 

tional from unity, to increaſe in a ten- — 

fold ratio, the firſt eight terms of ſuch a Mp 

* * with unity, (the firſt term) 8 


will 
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will conſtitute thoſe numbers which are de- 
nominated the firſt degree of myriads. And 


alſo the eight terms following theſe, will 


be comprehended in the ſecond degree of 
myriads: and in the ſame manner all the 


following eight terms in ſuch a ſeries of pro- 
portionals will be the component parts of a 


new expreſſion, in the above denomination 


of numbers, which is diſtinguiſhed from the 
preceding numbers by the number of eighth 


terms it is diſtant from unity. Thus the 


eighth term of the firſt eight proportionals, 
in ſuch a ſeries, is thouſands of myriads, 
and the next text term following, (the firſt 
of the ſecond eighth diviſion) being ten 
times the preceding, is myriads of my- 
riads; er, according to the denomination 
above aſſigned, the units of the ſecond de- 


gree of myriads: Again, the following 


eighth term, in the ſame ſeries, is thou- 
ſands of myriads of the ſecond degree of 
myriads; and therefore the next term fol- 


lowing, which is the firſt of the third 


eighth diviſion, being ten times as great, 


18 myriads of myriads of the ſecond de- 
gree, and conſequently units of the third 
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degree of myriads. From which it is evi- 
dent, that the ſeveral different denomina- 


tions by which numbers are diſtinguiſhed 


from each other, in the method above 
delivered, exactly correſpond to the ſeve- 
ral eighth places from unity in ſuch a ſe- 


ries of continual proportionals. Now, in 
any ſeries of continual proportionals, 


whoſe firſt term is unity, if any two terms 


be multiplied into each other, the product, 


thence ariſing, will be a proportional term 


in the ſame ſeries, as many terms diſtant 
from the greater of the two which were 


| multiplied together, as the leſs is diſtant 


from unity : And the number of terms it 
is diſtant from unity, may be determined 


by the addition of the diſtances from unity 


of the two terms fo multiplied together, 
and ſubſtracting an unit from the ſum. 


For let there be any ſeries of continual 
proportionals a bcdefg iE, the firſt 


term 2 of which is unity, and let any one 


term of the ſeries, as d, be multiplied by | 
another b, and let their product be term- 
| ed x; alſo let / be another proportional in 
the ſame ſeries, as many terms diſtant 


from 


\ 
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from bh, the greater, as d, the leſs, is from 
unity, then / is equal to x. For ſince the 
ſeries is continually proportienal, and d is 


diſtant as many terms from à as / is from 


, therefore h has the ſame ratio to / that 
4 has to d. But à being unity, d is equal 
to a multiple of it by 4 (da), and con- 


ſequently / muſt be equal to a multiple of 


h by 4 (=db), or equal to x. Wherefore 
the product ariſing from the multiplica- 


tion of any two terms in a ſeries of conti- 


nual proportionals from unity, is a term in 
the ſame ſeries, and is as many terms diſtant 
from the greater of the two ſo multiplied, 
.as the leſs is diſtant from unity. And 
hence, by adding thoſe two diſtances to- 
gether, and ſubtracting unity from the 


_ ſum, the number of terms which the 


product is diſtant from unity is obtain- 
ed: For, as the diſtance of d from 4 
includes d, and the diſtance of h from uni- 
ty includes 4 alſo, therefore the diſtance 
of / from h, being as many terms as d from 


a, is one leſs than the ſum of both the diſ- 


tances of 4 from a, and h from a; conſe- 


quently, if from the ſum of thoſe two 
C 4 diſtances 
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THE ARENARIUS 
diſtances unity be ſubtracted, the remain- 
der will give the place of the product / in 
the ſame continued ſeries of Fer- 


| tionals. 


Now, having reibe and endenden 
every thing neceſſary to render the work 
intelligible, I next proceed to demonſtrate 
the poſſibility of expreſſing, by numbers, 
the quantity of particles contained in any 
maſs of ſand whatever. In order to which, 


I ſhall take jt for granted, that a ſmall 


ſpherule of the bigneſs of a poppy- ſeed could 
not contain more than ten thouſand par- 


ticles of ſand; and that the diameter of 


ſuch a poppy- ſeed is not leſs than the for- 


tieth part of an inch: Indeed it is much 


greater, for by laying a number of poppy- 
ſeeds on a plane, in a nght-line touching 
each other, I found that twenty-five oc- 
cupied a-longer ſpace than the extent of 


an inch: But that what is delivered on 


this ſubject may be demonſtrated beyond a 
poſſibily of doubt, I ſhall ſuppoſe them 
much leſs, and therefore eſtimate the dia- 
meter of one ſeed at the fortieth part of an 

inch, 


oF ARCHIME DES. 


inch. And ſince a ſphere of this magni- 
tude is propoſed to contain leſs than ten 
thouſand, or a myriad of particles of ſand, 
therefore, ſpheres being to each other in 
the triplicate ratio of their diameters, a 
ſphere of forty times this diameter, or one 


inch, would contain a leſs number of par- 


ticles than the product ariſing from mul- 
tiplying ten thouſand by ſixty- four thou- 


ſand, or one myriad multiplied by ſix my- 
riads four thouſand; which, according 


to the denomination aſſigned above to 

great numbers, makes ſix units of the ſe- 
cond degree of myriads, and four thouſand 
myriads of the firſt. | 


A ſphere of ſand, therefore, of an inch ; 


in diameter, would contain a number of 


particles leſs than ſix units of the ſecond 


degree of myriads, and four thouſand my- 


riads of the firſt degree: Which is evi- 
dently much leſs than ten units of the ſe- 
cond degree-of myriads. And, therefore, 
a ſphere of an hundred inches diameter, 
being an hundred myriads of times the _ 


magnitude of that which 1s but one 


2 
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RY will contain a leſs number of par- 


ticks than is the product of ten units of 
the ſecond degree of myriads multiplied 
by an hundred myriads. But ten units 


of the ſecond degree of myriads, con- 


ſtitutes the tenth term in a ſeries of 


proportionals continually increaſing in a 


ten- fold ratio from unity; and an hun- 
dred myriads the ſeventh from unity in the 
fame ſeries; conſequently the product a- 


riſing from the mutual multiplication of 


theſe two will (by the property of conti- 


nual proportionals above demonſtrated) 


be the ſixteenth proportional term from 


unity in the ſame ſeries; that is, one leſs 


| than the ſum of ten and ſeven, 


of theſe Sxtoen proportional terms, the 


firſt eight, with unity, conſtitute the firſt 


degree of myriads; and conſequently, the 


eight followin g belong to the ſecond de- 


gree, and therefore make thouſands of 
myriads of the ſecond degree of myriads: 
So that a thouſand myriads of the ſecond 
degree of myriads of particles, would more 


than compoſe a ſphere of ſand of an hun- 


dred 


OP ARCHIMEDES. 


dred inches in diameter. Again, a ſphere | 
of a myriad of inches in diameter, is an 
hundred myriads of times the magnitude of 
one of an hundred inches in diameter; and 
therefore by multiplying the above quan- 
tity of particles, which are more than could 
be contained in a ſphere of an hundred 
inches in diameter, by an hundred myriads, 
the product will evidently exceed the quan- 
tity contained in a ſphere of a myriad of 
inches in diameter ; or by adding to the 
ſixteenth place laſt found, the place occu- 
pied by hundreds of myriads in a ſeries of 
continued proportionals increaſing in a 
ten-fold ratio, which is the ſeventh, and 
ſubtracting one, the place occupied by the 
product in the fame ſeries will be obtain- 
ed; which is therefore the twenty-ſecond - 
from unity in the ſame ſeries, and conſe- 
quently 1s equal to ten myriads of the 
third degree of myriads. But this ſphere 
of a myriad of inches in diameter, is greater 
than one of a ſtadium in diameter ; conſe- 
quently a ſphere whoſe diameter is equal 
to a ſtadium, might be compoſed of leſs 
particles than ten myriads of the third de- 
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gree of myriads. In like manner by mul- 


| 
tiplying this laſt number by an hundred 4 
1 myriads, a number is obtained greater 0 
A than the multitude of particles of ſand re- ”- 
= quiſite to compoſe a ſphere of an hundred ] 
1 ſtadia in diameter; which number will I 
' be found, by proceeding as in the laſt in- 2 
* ſtance, to occupy the twenty-eighth place t 
1 from unity in the ſeries of proportionals, 1 
Fi. .4 which 1s equal to a thouſand myriads of the c 
35 fourth degree of myriads. Proceeding thus 1 
12 by multiplying continually by an hundred t 
#1 myriads, or, which is the ſame thing, by 0 
1 adding to the proportional term laſt found t 
17 ſeven, and ſubtracting unity from the ſum, t 
1 1 a number greater than the multitude of 23 
4 ſands which could be contained in a ſphere i 
a of a myriad of ſtadia in diameter, is found 
i to be ten units of the fifth degree of 
1 myriads: And in a ſphere of an hundred > 
ö | myriads of ſtadia in diameter, the number c 
5 I of particles it could contain, is found to | * 
| be leſs than a thouſand myriads of the fifth = © 
15 degree: Alſo in a ſphere of a myriad of c 8 


myriads of ſtadia in diameter, the num- 
ber of particles is leſs than ten myriads 
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leſs than the fifty-ſecond term of the above- 
mentioned ſeries of proportionals, continu- 


ally increaſing in a ten-fold ratio, or leſs 


than a thouſand of the ſeventh degree of 
myriads. And ſince (by Prop. V.) a ſphere 
of an hundred myriads of myriads of ſtadia 


in diameter, is greater than the ſphere of 


the world, therefore the number of parti- 
cles of ſand which could be contained in 
the whole world, according to the magni- 
tude aſſigned to it by moſt aſtronomers, 


is leſs than a thouſand of the ſeventh 


degree of myriads. 


From which it may alſo be eaſily ſhown, 


that the number of ſands, which could be 


contained in a ſphere equal to that 
which Ariſtarchus has aſſigned to the fix- 
ed ſtars, is leſs than a thouſand myriads 
of the eighth degree of myriads. * | 


For 


of the ſixth degree of myriads: And in a 
* ſphere of an hundred myriads of myriads 

of ſtadia in diameter, the number of parti- 
cles it could contain is thus proved to be 
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For ſince the earth is ſuppoſed to have 


che ſame ratio to the ſphere of the world 


(according to the commonly received ſig- 


nification of the term) as the ſame ſphere 
of the world has to the Ariſtarchian ſphere 


of the fixed ſtars, therefore the diameters 
of thoſe ſpheres have the ſame ratio to 
each other; and becauſe the diameter of 


the ſphere of the world is (by Prop: V.) 


leſs than a myriad of times the diameter 


of the earth, therefore the diameter of the 
ſphere of the fixed ſtars is leſs than a my- 


riad of times the diameter of the ſphere of 
the world. Hence, ſpheres being to each 
other in the triplicate ratio of their dia- 
meters, the ſphere of the fixed ſtars (ac- 
cording to the magnitude aſſigned by Ariſ- 
tarchus) is leſs than a myriad of myriads 


of myriads of times the magnitude of the 


ſphere of the world. But the number of 


Lands which could be contained in the 


world, has been demonſtrated to be leſs 


than a thouſand of the ſeventh degree of 


myriads ; multiplying therefore this num- 
ber by a myriad of myriads of myriads, a 
number will be obtained, evidently greater 


than 
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than the multitude of particles of and : 
which could be contained in a ſphere 


34 


equal to the Ariſtarchian ſphere of the | 


fixed ſtars. But a thouſand. of the ſe- 
venth degree of myriads, occupies the fif- 
ty- ſecond place in the above-mentioned ſe- 


ries of proportionals, and a myriad of my- 
riads of myriads the thirteenth; therefore 


the product ariſing from the multiplica- 
tion of thoſe two terms, will be the ſixty- 


fourth term in the ſame ſeries from unity ; 


that is, the eighth place from the eighth 


degree of myriads, or a thouſand myriads 


of the eighth degree of myriads. A ſphere 


of ſand, therefore, equal to the Ariſtar- 
chian ſphere of the fixed ſtars, might be 
compoſed of a leſs number of particles 


than a thouſand myriads of the eighth de- 


gree of myriads. 


Theſe things, Prince Gelo, I apprehend 


will to moſt people, eſpecially to thoſe 
who are unacquainted with mathematics, 
appear entirely incredible: But to thoſe 
who have made this ſcience their ſtudy, 
and 


See Note. 
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THE ARENARIUS, &c. 


and have attentively conſidered the reſpec- 
tive diſtances and magnitudes of the earth, 


ſun, and moon, And the ſphere of the whole 


world, the demonſtrations here given will 


make them clearly evident. For which 
reaſon I am of opinion, that ſtudies of 


this nature ought to be much more at- 


tended to. 


NOTES 


4 


. 
AND 


SL 


Page \.—Gelo.] Fx 18 prince was che eldeſt ſon 


of Hiero, king of Sicily, a re- 
lation of Archimedes. He is ſuppoſed to have fallen à 
facrifice to his father's fidelity to the Roman ſtate, his 
death happening while he was perſuading the Syracu- 
fans, againſt Hiero's conſent, to revolt from the Ro- 
mans to the Carthaginians, who, having obtained the 
victory at Cannæ, appeared to have, at that time, the 
fuperior power. The Arenarius muſt therefore have 
been written more than two hundred and fifteen years 
before Chriſt. | 


| Page 1. Particles of ſand, &c. The Latin tranſla- 
tion in the Baſilean edition gives a very different ſigni- 


fication to this paſſage. « Ego autem dico non eam 


2 (arenam) ſolum que circa Syracuſas et circa reli- 
« quam Siciliam exiſtit, verum etiam illam quæ in 
% univerſa habitabili ſimul et inhabitabili regione ubi- 
que continetur, certo quodam numero comprehen- 
<« ſam eſſe. With this the anonymous Greek edition 


of the Arenarius alone agrees, having inſtead of ayw, £yw, * 
5 5 and 


/ 
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and adding, to render the ſentence complete, w:naopery 


ahi en. But, as there appears no other authority for 
fo material an alteration in the Greek text, and its ſig- 


nification; that meaning is here given which ſeemed to 


agree beſt with the more ancient Greek copies, and 
which is alſo given in the Latin tranſlations of Paſcha- 
fius, Commandine, Rivaltus, and Dr. Wallis. 


Page 2.—Mnch more inclined to affirm.] He- 


 #acws wv nywilo, in Dr. Wallis's edition—unyovow in 


the Baſilean. In the anonymous edition moManhacins 
is connected with the preceding ſentence, and accord- 
ing to that conſtruction Commandine ſeems to have 
read it; as he adds, © Atque hujus ipſius rurſus alte- 
„ rum multiplicem.” But as Hervagius, Paſchaſius, 
Rivaltus, and Dr. Wallis, have connected it with the 


following verb, their authority is followed in this tranſ- 


lation: Though this ſeems to be a fingular inftance of 


the adverb wonMarazow; being joined with a verb in 


fuch a ſignification ; nor does the conſtruction ſeem 
more natural, if placed in the manner Commandine 


has it. 


Page 2.— World.] Keopos ; Of this term, Ariſtotle, 
in his Tra& De Mundo, gives the foilowing definition : 
*« Koſmos is the ſyſtem of heaven and earth, and of the 
« works of nature contained in them.” Agreeable to 
this is the idea conveyed by, SYSTEM OF THE 
WoRLD ; this term is therefore every where uſed to 
expreſs the ſignification of Koſmos. Koſmos is, how- 
ever, throughout this work, uſed in a very limited 
ſenſe : The aſtronomers who preceded Ariſtarchus, 
confined its ſignification to the orbit apparently de- 


1 | ſcribed 


— 
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ILLUSTRATIONS 
ſcribed by the ſun in his annual courſe round the earth. 
This definition of Koſmos ſeems to have been given by 

thoſe, who, becauſe the eye refers all the celeſtial bo- 
dies to the ſame concave arc of the heavens, aſſerted 
that there was but one heaven, (as they termed it) or 
that the ſun and ſtars were all at the ſame diſtance from 
the earth ; and conſequently, the path deſcribed by the 
ſun in its annual orbit would, in this caſe, be the ut- 
moſt limit of the ſyſtem of nature. | 


Page 3.—Center of a ſphere to its ſuperficies. ] This 
ſignifies no other than that the annual orbit of the 
- earth, is but as a point compared with the diſtance of 
the fixed ſtars, And that this is really the caſe, is 
| ſufficiently evinced by the obſervations of Dr. Bradley, 
which prove, that the angle ſubtended by the diameter 
of the earth's orbit, at the diſtance of the fixed ſtars, 
is imperceivably ſmall ; and conſequently its ratio to 

that diſtance, cannot poſſibly be determined. How- 
ever, as neither of theſe ſpaces are infinitely, great, 
or infinitely ſmall, Archimedes argues that there muit 
be a greater relation between them than between the 
center of a ſphere and its ſuperficies, or between a 
mathematical point and a ſenſible magnitude. He 


therefore changes this analogy for one in which deter- 


minate magnitudes alone are concerned; which con- 
jecture of his, is in ſome meaſure corroborated by the 
ſecond poſition of Ariſtarchus, in his work concerning 
the magnitudes and diſtances of the ſun and moon; 
where he ſuppoſes the earth to bear the ratio of a point 
or center to the ſphere of the moon; and conſequently, 
it muſt bear a leſs ratio (if it were poſſible) to the 
ſphere of the ſolar orbit or world. The earth, there- 

a e ; fore, | 


tdi 


fore, bearing an equally ſmall ratio to the ſphere of ths 


world, as the world does to the ſphere of the fixed ſtars, 


Archimedes ſuppoſes them to be the ſame, and froni 


determining the one, the other becomes known. It is 


not, however, to be ſuppoſed, that Ariſtarchus regarded 
thoſe ratios as in teality ſo indefinitely ſmall : But only 
that they were fo ſmall, as that they might be neglected 

without any ſenſible error in his calculations. 


Page 3.— For the demonſtrations.] This paſlage is 
very incorrect in all the Greek editions, nor are the 
Latin tranſlations much more eaſy to be underſtood. 
In the anonymous edition, the conſtruction is the moſt 
natural, and ſeems beſt to expreſs the author's mean- 
ing; and nearly agrees with this tranflation. 


Page 4.—Propofitions.] Theſe are 1 BEEN 


or ſuppoſitions; the original has only vroxeyucrwy Twr, 


* Theſe things being laid down.” Dr. Barrow calls 
them hypotheſes. But as what the author advances, 


_ admits of demonſtration, and as he has offered ſome rea- 
ſons for his aſſumptions, it ſeemed not improper to uſe 


the term Fünen 


pig —Circumfererice of the earth. ] That the 
figure of the earth was ſpherical, appears to have been 
a very early opinion; and many of the ancient philoſo- 
phers attempted the meaſuring of its circumference: 


And as Archimedes has given the opinion of the philo- 5 


ſophers of his time concerning it, it may not be impro- 
per to mention the admeaſurements aſſigned by others in 
preceding and ſueceeding ages. Ariſtotle gives 400,000 
ſtadia; Archimedes, Zoo, ooo; Eratoſthenes, 252,000; 
5 | Hip- 
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| 1 277,000 3 Ptolemy, 180,000 ; Alphraga 


nus, an Arabian aſtronomer, 163,200 ; -Fernelius, a 
German, 196,114; and ſome of his followers 152,640, 


for the circumference of the earth; and if we ſuppoſe 


the ſtadium to have contained 625 feet, the circumfe- 
rence aſſigned by modern aſtronomers will be found to 
be 211,350. Archimedes, therefore, by ſuppoſing it 
3,000,000 ſtadia, uſed a magnitude whoſe meaſure 
was greater than fourteen times the real circumference 
of the earth. But, it may here be obſerved, with re- 
card to theſe different admeaſurements, that ſome have 
attempted to reconcile them ta each other, by ſuppoſing 
the ſtadia to have been of different lengths, in the dif- 
jerent times when they were made, 


Page 5.— Prop. III.] The ſun's diameter being near - 


ly four hundred times the moon's, Archimedes, there- 


fore, though he has given a ratio much greater than that 
of all other aſtronomers of thoſe times, has yet ſuppoſed 


it too ſmall ; which does not, however, affect his gene- 


ral propoſition, 


Page 6.—Seyen hundred and twentieth, &c. ] This 
ſeven hundred and twentieth part of the zodiac making 
30—00" is the ſame as Kepler and Tycho aſſign for the 


magnitude of the ſun's leaſt diameter, The following EE 


obſervation of Archimedes tends only to determine the 
limits between which the angle ſubtended by the ſun is 
comprehended. The greateſt limit which he affigned 


to the ſun's diameter from this obſervation, is very near 
the true one: For according to Mayer's tables, the 


greateſt diameter of the ſun is nearly 32 — 40; which 
Kere from Archimedes? one hundred and ſixty- fourth 
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| part of a right angle ( 32.—55”) by only fifteen ſeconds, 


With reſpect to the leaſt diameter, indeed, the diffe- 
rence is much greater; Mayer giving 31'—30” for the 
leaſt diameter, and Archimedes one two hundredth part 


of a right angle, which makes but 27 oo for the leaſt 


limit. But as in this work no greater exactneſs was re- 


quired, than that magnitudes ſhould be taken ſufficiently 
large, Archimedes has made no allowance for the ſun be- 


ing wholly hid by the cylinder, nor for the parts which 


were viſible on each ſide of it; his purpoſe only re- 
quiring, that the limits aſſigned ſhould be large enough, 
and not very far from the truth.. Vague as this obſer- 
vation was, it determined the greateſt limit of the ſun's 
diameter nearer the truth than Ptolemy's, as he gives 


33—20” for the greateſt diameter of the ſun. 


Page 6, 7. —Inſtrument.] Plutarch, in his life of 
Marcellus, mentions Archimedes having inſtruments, by 


which the magnitude of the ſun's body might be mea- 


ſured ; but of their conſtruction no account is extant. 


The inſtrument here deſcribed (of which Archimedes 
himſelf complains) is ſo very inaccurate, that it 


ſeems ſtrange ſo celebrated an inventor of machines 


| ſhould make uſe of it. If the inſtruments and angles 
mentioned by Plutarch were an improvement upon 


this, like moſt of his other inventions, they were loſt; 

as the ſame inſtrument, with very little alteration, was 
uſed in the times of Hipparchus and Ptolemy. Of 
both theſe inſtruments Fig. 2 and 3, are repreſen- 


| tations; the one taken from this deſcription of Archi- 
medes, the other from Proclus; in which, (Fi ig. 2.) 


H O repreſents the horizon; 8 che ſun, 285 riſen above 
it; 


i 
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it; F the fulcrum or prop, on which the rod R E is 
ſupported ; C the cylinder, fixed upon the rod in a per- 
pendicular ſituation ; and E the eye of the obſerver. 
The rod being turned towards the ſun, and the cylinder 


ſo far removed from the eye as that the ſun's body ſhall 


juſt begin to become viſible on each fide of it, the rays 
DdE and Gg E, will appear to touch each ſide of the 
eylinder, as they enter the eye, and conſequently the 
angle d E g, formed by drawing lines from E in the 
ſame direction with the rays, will be equal to DE G, 
or the angle ſubtended by the ſun's diameter nearly, &c. 


(vide Aren, p. 7,8.) The Greek term Kaum, which 


is here tranſlated Rod, may with equal propriety be ſup- 
poſed to ſignify any plane ſurface, as a long ruler, table, 
board, &c. in which caſe this inſtrument differs very 
little from the Dioptra of Hipparchus, of which Fig. 3. 
is a repreſentation. In this A B C K repreſents a plane 
ſurface, or table, fixed parallel to the horizon HO, 


in which a long channel or notch A B is cut, to hold 


two priſms DE and F G, perpendicular to the ſurface 
KC; of theſe the one F G, is made to move back- 
wards or forwards in the notch A B, and the other fixed 
at the end B. The moveable one has two holes F and 
G perforated in it, one near the ſurface, and the other 


at ſome diſtance from it; and the fixed priſm D E has 


one hole D, for the eye to view any object through in 


a right line with the hole F of the other. Then, when 


the ſun is riſen a little above the horizon, or near 


ſetting, the end of the plane ſurface or table, A is to be | 


directed towards it, and the eye applied to the hole of 
the fixed priſm, D; and the moveable priſm D E, moved 
backwards or forwards in the channel or notch A B, 
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till the lower part of the ſun's body f becomes viſible 


through the hole F, and the upper part g, through the hole 
G. And therefore by meaſuring the quantity of the angle 


FDG equal to f D g, the ſun's diameter may be nearly 
determined. This inſtrument appears to have been 


made uſe of by Ptolemy in his obſervations. Rivaltus 
has given a different deſcription of Archimedes“ inſtru- 
ment, as he ſuppoſed that the cylinder lay parallel to the 
rod, inſtead of * perpendicular to it. 


Page 8. —Pupil of the eye. ] The author's method of 


determining the magnitude of the pupil of the eye, ſeems 


to be too fully explained to need any further illuſtration. 
But it may not perhaps be improper juſt to mention a 


different one, invented ſome years afterwards by Rabi 


Levi, as it is in Commandine's note on this paſſage, | 
In Fig. 4. let AB and DC repreſent two magnitudes 


of different lengths, placed in a right line before the eye. 
Of which the ſhorter AB is fixed at a given diſtance 


E F from the eye E, and the longer D C is to be moved 
backwards and forwards in the ſame right line, parallel 


to the other, and at a greater diſtance from the eye, 
till each of its ends D and C juſt become viſible above 


and below the extremities of the nearer magnitude AB. 
Ihen, fixing it in that poſition, and drawing lines 


from each of its ends D and C to touch the ends of 
the other A and B, thoſe lines DA K and CBE 


will converge to a point, at a ſomething greater diſ- 


tance from thoſe magnitudes than the place of the eye, 
as at the diſtance K E, and conſequently by drawing the 


line G H parallel to A B, the diſtance of the rays of | 
ven at 0 the r will be determined. | 


S 
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ILLUSTRATIONS. 
Page 14.—If two right-angled triangles, &c. ] Th | 
gemonſtration of ſs propoſition may be as follows : 


158 4 D C and BD C, Fig. 5. bet two right-angled 
triangles, having the angle at D right, and the ſide 
DC equal and common in hoth, the ſides AD and 
BD being unequal. The angle DB C is to the an- 
gle DA C, in a greater ratio than A C to B C, but leſs 
than AD to B D. Draw C G parallel to DA, and on 
C as a center, with C B radius, deſcribe the are B E F, 7 
cutting C A in E, and CG in F; and from B through 
E draw BE G, meeting CG in G. Alſo from B draw 
B H parallel to A C, cutting CD in H, and from B, with 
B H radius deſcribe the arc H I K, cutting A D pro- 

duced in I, and B C in K. In the triangles A E B and 
E CG, the angles at E are vertical and equal; and be- 
cauſe G C and AD are parallel, the alternate angles 
ACG and CAD are equal; therefore, the remaining 
angles AB E and E G C muſt be equal. And conſe- 
quently, the ſides about equal angles being proportional, 
as BE: EA:: GE: E C, and alternately BE: EG:: EA: 
EC. by compoſition BG: EG:: AC: EC. But as 


5 BG: E G:: triangle BG C: triangle ECG; therefore 


as AC: EC:: triangle BGC: triangle ECG. Now 
BE falling within the circle, the ſector BCE con- 
tains the triangle BCE; therefore the ſector BCE, 
bears to the triangle E GC, a greater ratio than 
the triangle B E C does. And ſince the triangle 
E G C contains the ſector EC F ; therefore the 
| ſector B E C, is to the ſector E CF, „ in a greater 
ratio than to the triangle EG C. And conſequent- 
by, the ſector B EC muſt have a much greater 
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ratio to the ſector E CF, than the triangle BCE 


to the triangle ECG. And, by compoſition; the 


whole ſector B C F, is to ſector EC F, in a greater ratio 
than whole triangle BG C, to triangle ECG. But as 
fector to ſector, ſo is angle to angle; therefore angle 


B CF, is to angle E CF, in a greater ratio than triangle 


BG C: triangle EG C; that is (from what is proved 
above) than AC: BC. But the angle BCF DBC, 
and ECF SCA; conſequently the angle DB C is to 
the angle CAD in a greater ratio than A C to BC. 


Again, the triangle B HC, contains the ſector B H K, 
and the ſector BH I, the triangle BH D; therefore the 
triangle B H C is to triangle B DH in a greater ratio 
than ſector B H K: ſector BI H: And by compoſition, 
triangle BD C, to triangle B D H, greater than ſector 
B KI, to ſector B H I: But as triangle B D C, to tri- 
angle BD H:: DC: DH: (by ſimilar triangles) 


AD: B D. Therefore AD is to BD in a greater 


ratio, than ſector I BK to ſector IB H; that is, than 
angie DBK to angle DBH or DAC. EY D, 


Page 16. 3 of the World. ] 8 to the 
opinions of the aſtronomers before Ariſtarchus, the term 


World (Kochs) here ſignifies the apparent annual orbit 


of the ſun round the earth; and, conſequently, this dia- 
meter muſt be twice the diſtance of the centers of the 
ſun and earth. The determination of this diſtance, has 
always been eſteemed one of the moſt difficult problems 


in aſtronomy. In this method of Archimedes, the mag- 
nitude of the ſun is ſuppoſed to be nearly known; as 


bearing a leſs ratio to the earth, than it does to the 
moon. The manner in which Ariſtarchus diſcovered 
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the ratio, given in page 5, was by obſerving the 


angle ſubtended by the ſemidiameter of the moon's orbit 


(or diſtance from the earth) at the ſun; from which, 


by trigonometry, their relative diſtances from the earth 
might be eaſily determinated ; and from this their rela- 


tive magnitudes, by taking the angles ſubtended by their 


_ reſpeCtive diameters to the eye of the obſerver. o 


take this angle ſubtended by the moon's diſtance from 


the earth, at the ſun, is, however, attended with the 
greateſt difficulty; as it is neceſſary, that the exact diſ- 


_ tance of the moon from the quadrature ſhould be known, 
when a plane paſſing from the obſerver fo the moon, 
would preciſely divide its illuminated hemiſphere fram 
the non illuminated one : But the moon appears equally 


enlightened, and in the ſame direction, for a conſtderable 
time, both before and after the exact time of quadrature, 


and conſequently will appear illuminated in the proper 
direction of ſuch a plane, at very different diſtances from 
the place of quadrature ; and, therefore, this method was 
| ſoon found to be impracticable with any tolerable de- 
gree of certainty, Nor was any other method of much 
greater exactneſs diſcovered, till the tranſit of Venus 


over the ſun's diſk offered one; from which, in the 


years 1761 and 1769, the diſtance of the ſun from the 
earth was determined to be nearly 94,000,000 miles, 


| which is much greater than had ever been ſuppoſed be- 
fore, This diſtance is, however, far exceeded by Ar- 


chimedes, where he ſays, that the diameter of the world, 
or ſolar orbit, is leſs than an hundred myriads of my- 


riads (10,000,000,000) of ſtadia, ſince this makes nearly : 
1,200, ooo, ooo miles, or 600,000,000 for the diſtance of 


the centers of the ſun and earth, which is more than 
, D 85 s 1 ſis 
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ſix times their real diſtance from each other. — Theres 


fore the number of ſands, which he has demonſtrated 


would more than compoſe a ſphere of this magnitude, 
would evidently be more than the whole pero of the 


ſolar orbit could contain. 


Page ee oils] In the original, the 
magnitude of a particle of ſand (one ten thouſandth part 


of a poppy-ſeed) is given in this place; which, that 


what is ſaid of the ſand might be all connected together, 
1s inſerted at page 23> after the invention of numbers | 


PRE large. 


Ph 20.—Myriads of myriads of the a = 
mal period of the myriomyreſimal degree of myriads. ] 


As it was impoſſible, in many places of this work, to 
ſhow the author's method of demonſtration and inveſti; 
_ gation without uſing ſome of his own terms, the ſeve- 

ral values of thoſe terms, according to the preſeat me, 
| thodof notation, are here ſubjoined, 


A myriad is an unit with 4 cyphers affixed 10,000. 
A myriad of myriads, or, the firſt degree * 


of myriads, unity with 8. Ioooooooo 


Second, third, &c. degrees, unity with 
2— 85 16.24, Ke. 
The myriomyreſimal degree F myriads, or the firſt 
riod, is unity with 750990, 9992 cyphers. 
A myriad of myriads of the myriomyreſimal degree 


| 0 myriads, or the firſt degree of myriads of the ſecond 


riod, unity with 8,0000,0000 cyphers. 


A myriad of myriads of the myriomyreſimal degree | 
1 * of . of the ſecond period, or, the 


ful 
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fflrſt degree of myriads of the third period, unity with 


16,0000,0000 cyphers. 
The myriomyreſimal degree of e of the my- 


riomyreſimal period, unity with 7,9999-9999-9999-9992 
cyphers. 

A myriad of myriads of the myriomyrefimal degree 
of myriads of the myriomyreſimal period, is unity with 
8,0000,0000,0000,0000 (eighty thouſand millions of 
millions of) Cyphiers annexed, 


The thethod by which the invention of terms to ex- 
preſs thoſe great numbers is carried on, is very ſimilar 


to the modern manner of expreſſing numbers greater 


than a thouſand, For, a myriad of myriads, is termed 
by Archimedes ploy or firſt degree of myriads ; and, 
in the modern arithmetic, a thouſand thouſands is 
called millions, or the firſt degree of thouſands : and a 
myriad of myriads of the A, or firſt degree, Azvlepoiy 
or ſecond degree of myriads; and a thouſand thouſands 
of millions, Billions (Bi-millions) or the ſecond degree 
of e &c. 


-- Pigs 22. Now in any ſeries.] Upon this demon- 
ſtration of the property of continual proportionals, Dr. 
Wallis founded his aſſertion that the principles, at leaſt, 
of the preſent art of numbering by cyphers were laid 
down in the Arenarius. For, the numbers deſigned 
by the letters a; b, c, d, &c. being in a decuple pro- 
portion to each other, are the ſame with our 1, to, 
100, 1000, &c. and by uſing thoſe terms, the values 
of any numbers may be denoted, in a manner ſimilar to 
7 that of the preſent notation ; as 1675 in terms of Ar- 

; | chimedes” 
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chimedes proportion, might be denoted by 1d, be, 5b, 


5a, or by uſing the Greek characters ad, 5c, eb, za; 
and, in like manner, in numbers however large, the ſame 

method might be uſed. Nor are thoſe numbers which. 
he terms @pula, Awlu, &c, (firſt, ſecond, &c. de- 


grees of myriads) any other than which in our notation 


reſpect the firſt, ſecond, &c. eighth place in a com- 
bination of numerical figures.—It may alſo be further 
obſerved, that thoſe terms a, b, c, d, &c. are not only 
accommodated to the decuple proportion, but to any 


other that is continual from unity. -- Ker, if 2 be unity, | 


whatever be the value of b and the reſt of the propor- 
tionals, the ſame property obtains : And the terms, in 
every caſe, exactly correſpond to thoſe which are gene- 
rally denominated unity, root, ſquare, biquadratic, and 
all the ſeveral powers of b in a eee order. As, 
let bx, then will a, b, c, d, e, f, g, h, i, k, l, 


be equal to I, X, x- X e „x, x, xo, 1 , 
8 be the value of b. The invention WY 


of characters to denote the ſeveral powers of any quan- 
tity, commonly called Algebraic or Coflic numbers, is 


not of ſo recent a date as ſome have imagined, And 
inſtead of being derived from the Arabians or the later 


Greeks, is, at leaſt, of as great antiquity as the time of 


Archimedes, as is evident from the above ann: 5 


tionals.“ 


To this obſervation of Dr. Wallis's it may not 
be improper to add, that upon this property is alſo 
founded that excellent and uſeful invention of loga- 
rithms, or a ſeries of numbers in arithmetical proportion, 
eee to another in geometrical, by the addi- 


tion 
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tion of which, the product ariſing from the multiplica- 


tion of their reſpective natural numbers is obtained. 


For, as Archimedes here demonſtrates, in any ſeries. of 


_ continual proportionals from unity, the addition of the 


diſtances of any two terms, from the firſt term, 
gives the diftance of a term in the ſame ſeries, 
anſwering to their product, which from thence becomes 


known: So logarithms, repreſenting the diftance of 


numbers from unity in ſome ſeries of continual propor- 


tionals, by their addition, the diſtance of the product, 


ariſing from the multiplication of their natural numbers, 
in the ſame ſeries, or its logarithm, becomes known, and 
from that the product itſelf. The ſeveral diſtances, 
therefore, of the proportionals a, b, c, d, &c. are the 


| ſeveral logarithms of the values of a, b, c, d, &c. and 


are-uſed as ſuch by Archimedes, in calculating the num- 


ber of ſands requiſite to compoſe a ſphere equal to the 


world. 


Page 24.—Poppy-ſced.] The particles of fand are 
here ſuppoſed ſo very ſmall, that a ſingle grain would be 


Inviſible to the naked eye. For the eye, unaſſiſted, is 


not able to diſtinguiſh ſo ſmall a portion of ſpace as 
the five hundredth part of an inch ; and according to the 
number of fands which Archimedes ſuppoſes to be 
contained in a ſphere of an inch diameter, one particle 
could not occupy ſo much as the one thouſand two 
hundredth part of an inch. k 


Page 31.— Thouſand myriads of the eighth degree of 5 
myriads.] That is, one thouſand decillions, or the tenth. 
degree of millions; or unity with 63 cyphers annexed. + 

Er N | | . 
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As this number expreſſes more than the quantity o 
particles of ſand which could be contained in the 
Ariſtarchian ſphere of the fixed ſtars, the vaſt extent to 
which numeration may be carried is ſufficiently proved. 
And from hence it may be inferred, that no magnitude, 
however great, has its component parts ſo ſmall, that 
the quantity of them is inexpreſſible by numbers; and this 
was probably the deſign of the author in writing this 
work. In determining the number of particles of ſand 
which would more than compoſe the ſeveral ſpheres _ 
alluded to, Archimedes has uſed a great number of 
repetitions to make his method of calculating by propor- 
tionals more eaſy to be underſtood ; and hence the 
_ -work, in the original, is much more prolix than would 

otherwiſe have been neceſſary: But as this method is 

now ſufficiently known to any one converſant in com- 

mon arithmetic, thoſe repetitions are as much omitted 
as ſeem convenient, without deviating entirely from the 
author's manner of demonſtration. And in other parts 
of the work, where a trifling deviation from the original 
ſeemed to make it more clear and agreeable to an Eng- 


liſh reader, that liberty has been taken. 
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CHRISTOPHER CLAVIUS, 


PROFESSOR OF MATHEMATICS AT ROME, 
0:8. me 
Poſſibility of numbering the SAN DSG. 


TRANSLATED FROM THE LATIN. 


| Cum Libro Archimedis de arenæ numero utile fuerit Jungere 
* Chriſtophori Clavii de eodem Argumento. 
| W to Voſſius De Scien. Math. 


ADVERTISEMENT. 
\HE Diſſertation of Clavius * on 
| the ſame ſubject with the Arena- 
rius, containing the opinions of that emi- 
nent mathematician concerning the mag- 
nitude of the ſyſtem of the world ; and, 
expreſſing in cyphers, according to his cal- 
culation what Archimedes has expreſſed 
in Greek terms; a tranſlation of it was 
thought not to be an men addition to 
the preceding. 

The original is in Clavius's Commenta- 
ries on Sacro Boſco's Doctrine of the 
Sphere; in which (as is neceſſary to be ob- 
ſerved for the better underſtanding this 
Diſſertation) the Ptolemaic ſyſtem of the 
world is every were followed, the Coper- 
nican at that time, through prejudice and 
ſuperſtition, being but little countenanced. 

Should any one have the curioſity to in- 

veſtigate the ſame queſtion according to 
the preſent admeaſurement of the diſtances 
of the ſun and fixed ſtars, it may be eaſily 
done by proceeding in the ſame method. 


* Clavius flouriſhed about the year 1580. 
EX © TH E 
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A RCHIMEDES in the beginning 
C of his Arenarius informs us that, 
in his time, the particles of ſand in Syra- 
cuſe, and the reſt of Sicily, and alſo thoſe 
which are in every other part of the earth, 
were generally ſuppoſed to be infinite : 
and that thoſe who did not affirm their 
infinity, becauſe an infinite quantity can- 
not be given, at leaſt, aſſerted that no given 
number could exceed their multitude or be 
equal to it; but rather on the contrary that 
every propoſed determinate number would 
be far exceeded by the multitude of ſands. 
From which he infers, that thoſe who are 
of this opinion, if a maſs of ſand (a) many 
times greater than the magnitude of the 
(a) See Arenarius, page 1, and note. Clavius here fol- 
lows Commandine's tranſlation; connecting ToManazciug 


in the original with the preceding ſentence. 


„ | whole 


54 


THE DISSERTATION or 
whole earth, its ſeas and cavities being 
filled to the altitude of the higheſt moun- 
tains, were propoſed, would without doubt 
aſſert, that the quantity of particles con- 


| tained in ſuch a maſs, would far ſurpaſs 


the utmoſt extent of all the known pony 


of numeration. 


This erroneous s opinion Archimedes in 


his Arenarius has, with the greateſt in- 


genuity, by geometrical reaſoning, refuted; 
and inveſtigated numbers which not only 
exceed the multitude of ſands neceſſary to 
compoſe the maſs above-mentioned, but 


even of thoſe which the whole ſyſtem of 
the world, ſuppoſing it much larger than 
it really is, could contain. This is the 


ſubject of the Arenarius, in which, by ſub- 


tile reaſoning, he firſt demonſtrates how to 


determine the diſtance of the ſun from 


the earth, by finding an angle near to that 
ſubtended *y the ſun's diameter, e. (c) 


Themfore, following the example of 
Archimedes, we ſhall endeavour to deter- 


(c) See Arenarius, page 7. 8, Kc. 


CHRISTOPHER CLAVIUS:; 
mine the number of ſands of the ſmalleſt 


magnitude, which would be ſufficient to. 


fill the whole ſpace comprehended by the 
firmament (d) of the heavens. , And to make 
this diſquifition more evident and worthy 
of admiration, we ſhall ſuppoſe, that the 
firmament 1s of much greater extent than 


it is found to be by aſtronomers ; and, 


that the particles of ſand are much leſs 
than any that are known. For, if we 


demonſtrate the poſſibility of expreſſing 


the number of ſmaller ſands than are 
ever ſeen, which would fill a ſpace greater 
than that comprehended by the firma- 


ment, it is evident, that the ſame num- © 


ber is much greater than the number of 
the ſmalleſt particles of ſand in nature, 
which could be comprehended in that ex- 
tenſion of ſpace which aſtronomers have 
aſſigned to the firmament. | 


miſe; 


(4) The place of the fixed ftars « according to the Ptole- | 


maic ſy ſtem. 


. 4 1. That 


"Is order to determine this we ſhall pre- | 
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I. That the diameter of the earth is 
much leſs than 10,000 (d) miles. This 


will certainly be allowed; ſince according 


to Ptolemy and other aſtronomers, its dia- 
meter is not greater than 7159 * miles; 


yet to render our work more eaſy, and the 


magnitude of the world greater, we ſhall 


ſuppoſe i it ro, ooo miles. 


II. That the diameter of the con- 


cave firmament is much leſs than 100,000 


diameters of the earth: Indeed accord- 
ing to Alphraganus its diameter is but 


about 45,225 diameters of the earth; 


however, for the reaſon aſſigned above, we 
ſhall eſtimate it at 100,000 ; and hence, the 
diameter of the earth being ſuppoſed leſs 


than 10,000 miles, the diameter of the 
concave firmament muſt be leſs than 


1,000,000,000 miles ; but for the reaſons 


above-mentioned, we ſhall ſuppoſe it 


1,000,000,000 mules. 


() In the Latin of Clavius Milliaria. The Milliarium 
was equal to 8 ſtadia, which at 625 feet each, gives 5,000 


Ul. That 


feet for the Milliarium, leſs than an Engliſh mile by 280 
feet. 8 N | 1 
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III. That a ſmall ſphere of the ſize of a 


poppy- ſeed could not contain more than 
10,000 of the ſmalleſt ſands: This every 


one will concede to, ſince the imagination 


itſelf can ſcarce conceive a magnitude ſo 
ſmall as the ten thouſandth part of a 
poppy- ſeed, neither are there any particles 


of ſand ſo ſmall exiſting in nature. But 


that our determination may excite a greater 
degree of admiration, and more ſands be 


comprehended in the ſyſtem of the world, 
we ſhall ſuppoſe that a ſphere of ſo ſmall 
a magnitude might contain 10, 00 n 
cles of ſand. 


IV. That 1 diameter of a grain of 


poppy-ſeed is not leſs than the fortieth 


part of a geometrical inch: For ac- 


cording to the experiments of Archimedes 
(e), 35 grains of poppy-ſeed placed in a 


(e) In all the Greek editions of the Arenarius, I have 
ſeen, it is 25 ſeeds, except the anonymous one, which 


has 26.— Dr. Wallis ſuppoſes that the author might have 
wrote 35, becauſe Archimedes has throughout the work 
made uſe of the neareſt greater number of even tens to the 
number found. Alſo in the ancient Latin and in Com- 
mandine's it is 35. 
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my 


TRE DISSERTATION OF 
right line extended above an inch, ſo that 
in reality a poppy- ſeed is greater than the 


5th part of an inch, and conſequently 


much greater than eth. However, tho 


no grains of poppy are found ſo ſmall, we 


ſhall, for the ſake of making the demon- 


ſtration ſtill more evident, ſuppoſe the dia- 


meter of one to be only th of an inch. 


V. That a mile is much leſs than 1 oo, ooo 


inches: For ſince four inches (F) make a 


palm, and four palms a foot, and five feet 


a geometrical ſpace, and 1000 geometrical 
paces a mile, it is evident that 80, ooo 
inches are equal to one mile, and conſe- 
quently that it is much leſs than 100,000 


inches: however, to make the work eaſier, 


we ſhall ſuppoſe a mile to conſiſt be 


100,000 inches. 5 


Now the * of a poppy-ſced be- 


ing ſuppoſed eth part of an inch (tho 


(7) Digiti.— The Digitus appears to have been about 


Ne of an Engliſh inch. Sixteen of theſe make 11 in- 


ehes and 3&4; of an inch, leſs than an Engliſa foot by 10 


of an inch. | | | 
0  - | it 
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it is much greater) 40 grains of poppy- 


feeds will conſtitute one inch ; and (ſince 


ſpheres are to each other in the triplicate 


ratio of their diameters) therefore a ſphere - 
of an inch diameter will be to one grain 
of poppy-ſeed as 64,000 is to 1: As is 
_ expreſſed in thoſe four continual propor- 
tionals 1 : 40: 1600: 64000, which are to 
each other in the ratio of 40 to 1, or of 


one inch to one ſeed of poppy. Therefore 


N grain of poppy-ſeed being ſuppoſed to 
contain 10,000 particle of ſands, a ſphere 
of an inch diameter containing an equal 
number with 64,000 ſuch ſeeds, would 


comprehend 64,000,0000 particles. This 


number is evidently much greater than the 


multitude of ſands which could be con- 
tained in a ſphere of an inch diameter, 
becauſe leſs than 40 grains of poppy-ſeed 
make one inch, and the ſmalleſt ſands are 
greater than the ::25-th part of a poppy- 


ſeed : but that the work may be more ex- 


peditious and eaſy, we will ſuppoſe that a 


ſphere of an inch diameter might con- 
tain not only 640, ooo, ooo lands, but 


even 1, 000, 000,000, 


* * 
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Then, 100,000 inches being ſuppoſed to - 


conſtitute a mile (tho' in reality a mule is 
much leſs), a ſphere of a mile diameter 
will be to a ſphere of one inch diameter 
AS IoOOOO x I00000 x I00000 to I x 1x I 
(Eucl.18.12.) or as 1,000,000,000,000,000 
to 1; and conſequently, ſince a ſphere of 
an inch diameter is ſuppoſed to contain 
1, oo, ooo, ooo ſands, a ſphere of a mile 
diameter being 1, ooo, ooo, ooo, ooo, ooo 


times as large would contain 1, ooo, ooo, 


ooo, ooo, ooo, ooo, ooo, ooo of the ſame 


particles of ſand. This number is, indeed, 
much greater than the multitude of ſands 


which a ſphere of a mile diameter could con- 


tain ; becauſe leſs ſands than ooo 


would compoſe a ſphere of an inch dia- 


meter, and fewer inches than 100000 


make a mile. However, for the rea- 


ſons before mentioned, we ſhall ſuppoſe 


that 1, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo 


ſands might be contained in a ſphere of a 
mile diameter. ; 


Laſtly, the diameter of the concave fir- 
mament being r 1, ooo, ooo, ooo 
miles 


O 
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| miles (though indeed it is much leſs) a 


ſphere of this diameter will be to that 


of a mile diameter in the ratio of 
1, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo 
to 1, one being to this number in the tri- 
plicate ratio of 1 to 1, ooo, ooo, ooo, as is evi- 
dent from theſe four continual proportionals 
11 „ooo, ooo, ooo : 1, Oo, ooo, oo, ooo, ooo, 


ooo: 1, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
ooo, which are to each other in the ra- 


tio of 1, ooo, ooo, ooo miles (or the diame- 
ter of the concave firmament) to one mile. 


And conſequently, ſince a ſphere of a mile 


diameter 1s ſuppoſed capable of containing 


I, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo par- 


ticles of ſand, a ſphere of this magnitude 
would contain 1, ooo, ooo, ooo, ooo, ooo, ooo, 


OOO, OOO, OOo, ooo, ooo, ooo, ooo, ooo, ooo, 


000,000 * ſuch particles. But this num 


ber 1s evidently much too large, becauſe 


a leſs number of ſands than 1,000,000, . 
000,000,000,000,000,000 would compoſe 
a ſphere of a mile diameter; and fewer 
miles than 1, ooo, ooo, ooo are contained 


8 "M That is one thouſand octillions, or the eighth degree 
of millions. . ; E 


in 
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in the diameter of the concave firma- 


ment. Therefore this number laſt found 


which has 51 cyphers annexed to unity, 
is much greater than the number of 


fands which would be requiſite to fill 


the whole expanſion of ſpace to the con- 


cave firmament of the heavens : though 
thoſe ſands were only equal to the +:;5:>th 


part of a poppy-ſeed. From hence there- 
fore it is evident, that we could eaſily de- 


termine how many ſands would be requi- 
ſite to fill the whole ſyſtem of the world, 

was it known how many ſands are equal 
to a grain of poppy-ſeed, and how many 


poppy- ſeeds would make one inch, and 


how many miles each containing 80, ooo 
inches are contained in the diameter of 
the concave firmament. But as all theſe 


are as yet undetermined, we have aſſumed 


(following the example of Archimedes) 
the diameter of the ſyſtem of the world 


much greater than the moſt ſkilful aſtro- 


nomers determine it to be; in like man- 


ner we have ſuppoſed a grain of poppy- 


ſeed equal to more ſands than it really is, 


and an inch to comprenend more poppy- 


ſeeds 


ſa! 
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ſeeds than it really could. Becauſe, that 
by this means a greater number might be 


obtained, which ſhould far exceed (as was 


propoſed) the number of ſands which 


really could be comprehended within the 


concave ſuperficies of the firmament of the 


heavens. The obtaining of which, as the 
ſand has been generally termed innume- 


' rable, will certainly to many appear in- 


credible. 


— 


gre Babi —— —„- — eg + 


„ et mae 
jy LH WHAT Wee. 
; 1 ö 100 fl it { if [ ee ö ; 


Mt ih. 1 
Vat 


